In this paper, an indirect analytical method is presented to analyze and optimize the electromagnetic performances, such as air-gap flux density, back EMF, cogging torque, and etc. of the V-shaped interior permanent magnet (PM) synchronous machine (IPMSM). The new method provides an indirect calculation model of the V-shaped IPMSM, by transferring the rotor into an equivalent linear one in the polar coordinate system. Based on the reconstruction of the V shaped PM, two part of magnetization calculation models are established, and the magnetic field distribution of the motor is analyzed by utilizing the magnetic scalar potential. The Maxwell stress tensor method with Schwarz-Christoffel (SC) transformation is subsequently utilized to analyze the magnetic field in detail and predict the cogging torque performances of the V-shaped IPMSM accurately. The results are compared with that obtained by the finite element analysis (FEA) method. Moreover, a prototype is built and tested, and the results validate the accuracy and validity of the analytical computation results.
I. INTRODUCTION
Interior permanent magnet synchronous machine (IPMSM) with high power density, wide speed range, and high efficiency has been applied to variety fields such as industrial production, smart home, office automation, etc. [1] . Due to the embedded structure of the PMs, IPMSM features slightly higher torque density per unit volume than other motors since the reluctance torque that results from an inductance difference between the d-axis and q-axis is combined with the magnet torque. On the other hand, the higher cogging torque and torque ripple will be easier produced, and the harmonics of the magnetic flux will also causes the higher iron loss than other motors. Thus, scholars and engineers have done a lot of works on the design and optimization of the IPMSM [2] , [3] .
In General, numerical methods, such as finite-element (FE) analysis, are very powerful tools for the design and optimize of the machines because they can account for The associate editor coordinating the review of this manuscript and approving it for publication was Yilun Shang . the complicated structure and material saturation [4] - [6] . However, the numerical methods are relatively slow, timeconsuming and sensitive to the FE meshes. Analytical models with the fast calculated speed are preferable and capable of facilitating physical understanding, an initial design and fast global optimization. In [7] - [9] , the equivalent magnetic circuit (EMC) model of the IPMSM are established as a design tool to analyze the effect of the rotor flux-barrier geometry on the stator iron losses. This model can quickly analyze the motor, and give the rough reference value. However, its accuracy suffers because of oversimplification. Moreover, the conformal mapping methods including complex number conformal mapping, real number conformal mapping, and Schwarz-Christoffel mapping are applied to the analytical model [10] - [12] , which consider the effect of stator slots and rotor saliency on the magnetic field distribution. Most papers published to date discuss the analytical field calculations for SPM machines only. The hybrid models such as the combine of the FE method and analytical solution, have been proposed that do not sacrifice the ability for nonlinear analysis [13] , [14] . However, it is generally difficult to provide straight forward physical relationships between the performance and parameters. In the IPM motor, it is complicated to utilize the Laplacian-Poisson equation due to the intricate boundary condition, and the equivalent air-gap inverse function illustrated in [15] , [16] is not suitable for the IPM motor. In order to analysis the armature reaction magnetic field, the pole-cap effect analytical model considering the effect of the embedded magnet in the rotor is proposed in [17] . Since the magnetic field of the built-in permanent magnet motor is not accurately calculated, the error of the calculated MMF is still bigger. Thus, an improved method for armature reaction magnetic field calculation is studied by dividing the armature reaction magnetic motive force into d axis and q axis component in [18] .
It follows that it is challenging to describe IPM machines using an effective directly analytical model because of the difficult to predict flux path in the rotor structure. Yet, analytical methods remain an important tool for understanding, initial designing, and sizing PM machines. Thus, the investigation of the simple and accurate analytical model of the V-shaped IPMSM for fast and easy prediction and optimization of the electromagnetic performances, together with a clear physical understanding of the relation between parameters and performances is urgently needed.
In this paper, an indirect analysis method is proposed to predict the magnetic field for the V-shaped IPMSM, based on the PM reconstruction method. The Maxwell stress tensor method with SC transformation is subsequently utilized to predict the magnetic field and torque performances. Then, a 720W V-shaped IPMSM is designed and analyzed by the analytical method, and the optimization of the V-shaped IPMSM is also done. The electromagnetic performances are presented and compared with that obtained by the FEM. In order to verify the effectiveness of the method, a prototype is constructed, and the experiments are done.
II. DEVELOPMENT OF THE ANALYTICAL MODEL A. V-SHAPED IPMSM CONFIGURATION
In this paper, a 9-slot-6-pole motor with V-shaped interior PMs is presented, and this motor adopts concentrated windings. The model and size parameters definition of the motor are shown in Fig. 1 .
For establishing the analytical model, the motor shown in Fig. 1 is cut along the axial and flattened as shown in Fig. 2(a) . The rotor is divided into two parts which named Region II and Region III respectively. Region II is the PM region. Region III is the rotor iron core region. It should be noted that Region III is separated as Region III-1 and Region III-2. Region III-1 is the rotor iron core behind the PM, and Region III-2 is the rotor iron core before the PM. τ 0 is the polar pitch, and β is the angle of the V-shaped PMs. Based on the magnetic field distribution of the IPMSM, it can be noted that the magnetic flux pass through three region including Region III-1, Region III-2, Region II in the rotor. The flux is a vector, which satisfies the quadrilateral vector theory. The flux density of the PM can be decomposed to θ and r axis as shown in Fig. 2(b) . In other words, the magnetization of the original PM are equivalent to the PM in r-axis and θ-axis respectively. Thus, the V-shaped PM is equivalent to two parts. One is magnetized in the r-axis direction, and another one is magnetized in θ-axis direction. The equivalent model of the V-shaped IPMSM is shown in Fig. 3(a) .
In order to further simplify the analytical model, the model shown in Fig. 3 (a) can be equivalent to the one as shown in Fig. 3(b) . Region V is the air-gap, and Region IV is the armature current sheet. Thus, the equivalent PMs are equivalent again, and two calculation models which is named as parallel magnetization calculation model (PMCM) and radial magnetization calculation model (RMCM) respectively are built. It can be noted that the air-gap flux density of the motor can be easily calculated by the two model.
In the PMCM, the equivalent PM length at the magnetization direction is B rd , and that in the RMCM is L m1 . According to the vector principle, the length of the half V-shaped PM can be given by
where α 0 τ 0 = 2L m sin(β/2). Based on the concept of equivalent permanent magnet, the equivalent magnetic characteristics of the PMs in PMCM and RMCM can be calculated by the equivalent reluctance circuit, as shown in Fig. 4 (a). As illustrated in [19] Chapter 2, section 2.4, the reluctance of the PMs and iron cores would be calculated, and the equivalent parameters of the PMs in the PMCM and RMCM can be expressed as
where F epmP and F epmR are the equivalent magnetomotive forces in the PMCM and RMCM respectively. epmP and epmR are the equivalent permeance of the PMs in the PMCM and RMCM respectively, and the relative permeances can be calculated by
where L s is the length of the motor in axial direction, µ r is the relative permeability of the PMs, µ 0 is the permeability of the air, µ rotor is the relative permeability of the rotor core. Based on the equivalent magnetic PMs in the two magnetic calculation models (MCMs), the equivalent B-H curve can be easily computed as involved in [20] , and the remanent flux density of the V-shaped PMs (B rPM ) can be equivalent to the B re1 and B re2 in the PMCM and RMCM respectively. The framework of the PM equivalent method is shown in Fig. 4 
(b).
It should be noted that the reconstruction of the PMs is the key steps in the indirect analytical method.
B. FIELD PRODUCED BY THE EQUIVALENT MAGNET
In analytical calculation of the two equivalent model, the following assumptions are made. 1) The effect of the magnetic saturation and leakage flux is not included.
2) The PMs have a linear demagnetiztion characteristic and are fully magnetized in the direction of magnetization.
3) The end effects are neglected, and the permeability of the stator and rotor core is infinite.
In the ideal magnetized magnet cylinder, the spatial variation in the magnetization is sinusoidal as introduced in [21] and given by
where e r and e θ are the radial and tangential vectors in polar coordinates, p is the pole-pair number and θ is the rotor angular position.
Based on the simplified model, the air-gap flux density of the two calculated parts are shown in Fig. 5 . According to Fig. 3 Fig. 3 (c) and Fig. 5 , both the magnetization M r and M θ in one pole-pair region of RMCM can given by
The magnetization M r and M θ in one pole-pair region of PMCM can given by
Thus, the M r and M θ can be expressed as Fourier series
By solving the Fourier series, the M rn and M θn in the RMCM and PMCM can be respectively obtained
where T c = α 0 τ 0 /B rd , µ 0 is the permeance of the air-gap, C, D, E, and F can be given by
The scalar magnetic potential distribution in the air-gap is governed by the Laplace's equation, while in the PM region, it is governed by a Quasi-Poissonian equation [22] . Therefore, the general solutions for the scalar magnetic potential distributions in Region I, Region II, and Region III can be solved with the boundary conditions to be satisfied:
The air-gap flux density is expressed by
where ζ = npπ / R ro
C. SLOT EFFECTS
Considering the effects of the stator slotting, the conformal mapping technique with Schwarz-Christoffel (SC) transformation is employed to transform the geometric shape in W-plane into a slot-less air gap in T -plane, as shown in Fig. 6 . As amply illustrated in [23] , the effect of stator slotting can be included by defining a vector potential λ in each of the stator slots and by linking them to the solution in the air gap region. The components of flux density can be deduced:
where λ = λy + jλx, λx and λy are the x axis and y axis components of the complex relative air-gap permeance in the original W -plane. Meanwhile, the transform equations among the three solving domains can convert each other, as the form shown in [24] . The transformation equation from the Z -plane to the W -plane is
where G and H are unknown complex constants, n is the number of polygon corners with interior angle α k , Z k (k = 1, . . . , n-1) are the points in the canonical domain (in the Z -plane) corresponding to the polygon corners. The transformation equation from the T -plane to the Z -plane can be given as:
where x is the slot pitch of the stator (τ si as shown in Fig. 5 ), y is the length between the stator core and the mover core. The relative permeability is λ = ∂t ∂z ∂z ∂w
where λ 0 is the coefficient in the slot-less MCM. Based on the SC transformation, the magnetic flux density at the slotted air gap field could be calculated. It should be noted that the resultant field should be multiplied by the permeance function to obtain the resultant field after considering the slotting effect.
D. COGGING TORQUE
Due to the interaction between the PM magnetic field and the stator teeth, the cogging torque is an existent electromagnetic torque in the PM motor even when there is no excitation of the stator windings. It is well known that co-energy method and Maxwell tensor method are identical, at least theoretically, for torque calculation [25] . In this paper, the radial and tangential components are exist in the two equivalent air-gaps. Hence, based on the Maxwell tensor method which is mentioned in [26] and [27] , the cogging torque of V-shaped IPMSM is 
where R ave is the average radius of airgap, l is the axial direction of the machine. By taking the calculated air-flux density in radial and tangential, the cogging torque can be predicted.
E. ELECTROMAGNETIC TORQUE
As illustrated in [28] , the flux linkage and back-EMF is also calculated by the radial flux density in this paper. Meanwhile, for a conventional balanced 3-phase machine operated in AC mode, the electromagnetic torque can generally be calculated by the following equation.
where I k is the amplitude of the k th order harmonic phase current, θ k is the associated phase angle of the current. E n is the amplitude of the n th order phase back-EMF harmonics.
III. FEM VALIDATION
A 0.72kw V-shaped IPMSM is presented as the application object. The silicon steel sheet with 0.35mm thickness is used, and the NdFeB PMs are applied. The original design parameters are given as shown in Table 1 . Based on the FEM, the V-shaped IPMSM is investigated.
A. MAGNETIC FLUX DENSITY DISTRIBUTION
The air-gap flux density of the original design based on the analytical model and FEM are shown in Fig. 7 . The analytical calculated flux density are nearly consistent with that obtained by the FEM. Due to the neglected structure of the V-shaped slot end in the equivalent model, the maximum value of the air-gap flux density calculated by the analytical method is smaller than that analyzed by the FEA method. It is obviously that the slot effects calculated by the analytical method are smaller than that obtained by the FEM. It should be noted that this will cause an increase in the calculation error of the cogging torque. In Fig. 7(b) , it can be observed that the odd harmonics of the analytical and FEA calculated are almost same. The fundamental amplitude of the flux density is 1.08T calculated by the FEM, and that conducted by the analytical method is 0.95T.
B. OPTIMIZATION OF THE MOTOR
In order to further verify the correctness of the analytical model, the single-object and two-object optimization is conducted by the FEM and analytical method respectively. Fig. 8(a) shows the influences of the stator tooth width. It can be seen that the output torque rises with the increase of the tooth width. This is caused by the variety of the stator tooth magnetic resistance. When the stator tooth width becomes large, the magnetic resistance of the tooth becomes small, the air gap flux increases in a certain range, and the output torque increases. However, the variety of the tooth magnetic resistance causes small influences on the torque ripple due the stator notch width and PM arc is the main factor for the torque ripple in the same drive condition. The influences of the slot depth is shown in Fig. 8(b) . The output torque is almost constant as the slot depth changes, and it can be seen that the influences of the slot depth on the torque is small. It should be noted that since the slot depth variation range is limited (in 2mm), the flux of stator yoke is nearly unchanged, and the influence of the torque variation is extremely small.
The torque and torque ripple calculated by the analytical method are bigger than that obtained by the FEM analysis. These are caused by the connatural calculation accuracy of the SC transformation. It should be noted that the calculation error between the FEM and analytical method is under the 10%, and the influences of the parameter analyzed by the analytic method is nearly consistent with that obtained by the FEM. The errors are acceptable, and it is controllable by the iteration accuracy. Fig. 9 shows the influences of the V-shaped slot angle and PM width in the magnetization direction on the torque performances. It can be seen that the parameter rang obtained by the analytical method and FEM are almost same, and the calculated results are nearly consistent. The analytical method can satisfy the analysis of the two parameters. Yet, due to the indirect equivalent of the PM, there is an error between the FEM and analytical method. But the situation of the influences is consistent, and the error is acceptable. Based on the principle of maximum torque and minimum torque ripple, the optimized parameters of the V-shaped motor are shown in Table 2 . 
IV. EXPERIMENTS AND DISCUSSION
The prototype of the V-shaped IPMSM is constructed, and the experimental platform including the cogging torque test platform and the torque performances test platform are set, as shown in Fig. 10 . The TS-7700 Torque Station System provide by the Ono-Sokki company is employed to measure the cogging torque. The torque performance test system consists of the DC motor worked as the load, torque transducer, and frequency converter worked as the controller. The experimental results are given and compared with that obtained by the analytical method and FEA method.
A. BACK-EMF
The back-EMF waveform of the V-shaped IPMSM can be calculated from the flux density by the knowledge of the armature winding distribution. The back-EMFs at 3800 r/min obtained by the analytical calculation, FEA method, and measured are shown in Fig. 11(a) . The fundamental amplitudes of the back-EMFs are 95V, 99V, and 98V obtained by the analytical method, FEA method, and measured, respectively. It can be observed that there is a slight error between the analytical and FEM which is mainly caused by the accuracy of the equivalent model, and the error between the measured and simulated is caused by the assembling accuracy. In Fig. 11(b) , the odd harmonic of the back-EMFs are identical. This verify the validity of the indirect analytical method.
B. COGGING TORQUE
The cogging torque is shown in Fig. 12 . The peak to peak value calculated by the analytical and FEA method is 895 mN·m and 923 mN·m. That of the measured value is 922 mN·m. The cogging torque waveform and trend obtained by the analytical method is both consistent with that obtained by the FEM and measured result. Moreover, it is clearly that the cogging torque obtained by the FEM is almost same as the measured result, yet the calculated cogging torque by the analytical method has undergone litter different. This caused by the cumulative error of analytical calculation method. The error between the analytical method and measurement is 2.9%, and it is acceptable. Fig. 13 shows the characteristics of the torque versus the current. It can be noticed that the calculation error between the analytical method and FEM gradual increases with the rise of the current. In less than the rated torque, the torque calculated by the analytical method and FEM are all slightly larger than the measurement value, and the compute error is under the acceptable range. It can been seen that the error between the analytical method and FEM is less than 0.01 in the light load condition (I rms ≤1A).
C. TORQUE PERFORMANCE
With the torque increasing, the error between the analytical method and FEM becomes bigger. Above the rated torque, the calculated value by the FEM is closer to the measured one due to the iron core saturation effect. In this condition, the large armature current causes the saturation of the magnetic circuit, and resulting in the decrease of the output power. In the FEM, the iron core magnetization characteristic curve is utilized, and the FEM analysis can descript the saturation performances of the machine in the certain condition. Yet, in the indirect analytical method, the iron core saturation is ignored which causes the bigger error between the analytical method and measurements in the overload condition. It should be noted that the calculation time of the analytical method which complete the torque-current characteristic calculation is 6 minutes, as well as that of the FEM is 5 hours under the same calculated quantity. It follows that the analytical model, in the rated load range, not only can accurately predict the motor torque characteristics without considering saturation, but also can analyze the V-shaped motor quickly which enables rapid engineering design and optimization.
D. CALCULATION ACCURACY DISCUSS
Based on the computer with the 7 th generation Inter Core i7 processor, 16G memory, and 7200r/min mechanical hard disk, the analytical analysis and FEA are conducted, and the comparisons of the calculation accuracy and time for the analytical model and FEM are shown in Table 3 . It can be observed that there is a slight error between the analytical and FEM, and the error between the measured and simulated is caused by the assembling accuracy. It should be noted that the indirect analytical method cannot completely consistently calculate the magnetic field distribution, due to the limitations of the equivalent rotor shape.
Considering the CPU computing time, the analytical model just requires 6 min to finish the calculation of the motor in open circuit. The FEA method, on the other hand, requires almost 1 hour with 0.5 million computational nodes for each step. Although the analytical prediction shows a petty error compared to the experimental result, it is still acceptable and thus, can be regarded as a meaningful approach which could save time and achieve a satisfying result. Moreover, the analytical model could also be used for further optimization, design parameter, and performance prediction, etc.
V. CONCLUSION
An efficient indirect analytical method for the V-shaped IPMSM based on the equivalent concept of the V-shaped PMs is proposed in this paper. In this study, the PMs are reconstructed, and the detailed reconstruction principle and process are analyzed. On this basis, two equivalent analytical models, called parallel magnetization calculation model and radial magnetization calculation model respectively, are established. Based on the SC transformation and Maxwell stress tensor method, the air-gap flux density of the V-shaped IPMSM considering the slot effects in the two analytical models are deduced, and the cogging torque calculated model is also studied.
The electromagnetic performances, such as air-gap flux density, back-EMF, and cogging torque is analyzed and compared with that obtained by the FEA method. As well as, the parameter effects are investigated by the analytical method and FEA method. In addition, a prototype is constructed, and the experiments are done. Both of the FEA and experimental results verify the correctness and quickness of the analytical computation. Although the error of the calculated air-gap flux density, back EMF, and cogging torque is 9.43%, 0.81%, 2.9% respectively, the trend and waveform are satisfactory.
In conclusion, the analytical model has proven to act very well with the V-shaped IPMSM geometries in a very effective time and can be used for the optimization of the rotor shape in an acceptable accuracy.
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